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Abstract: This paper presents an up-to-date comprehensive overview of
MACBETH (Measuring Attractiveness by a Categorical Based Evaluation
Technique). MACBETH is a multicriteria decision analysis approach that
requires only qualitative judgements about differences of value to help a
decision maker, or a decision-advising group, quantify the relative
attractiveness of options. The approach, based on the additive value model,
aims to support interactive learning about the evaluation problem and the
elaboration of recommendations to prioritise and select options in individual or
group decision making processes. We revise in detail the theoretical
foundations of MACBETH and present a simple example that illustrates the use
of the M-MACBETH decision support system (www.m-macbeth.com). It permits
the structuring of value trees, the construction of criteria descriptors, the
scoring of options against criteria, the development of value functions, the
weighting of criteria, and extensive sensitivity and robustness analyses about
the relative and intrinsic value of options. Reference is also made to some
successful real-world consulting applications and a historical survey is also
included, which describes the key stages, with their corresponding
publications, in the development of MACBETH since early the 1990’s.
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1. Introduction

MACBETH is an approach to multicriteria decision aid whose development was set in
motion in the early 1990's by C.A. Bana e Costa and J.-C. Vansnick. The team
expanded in subsequent years when it was joined by J.-M. De Corte. The brief
historical survey of the MACBETH research offered in section 4 shows that, on a
technical level, MACBETH has evolved through the course of theoretical research
conducted about it, and also through numerous practical applications (see section 5).

Its essential characteristics, however, have never changed; in fact MACBETH has
always remained consistent with the ideas that led to its creation as an humanistic,
interactive and constructive approach to the problem of how to build a quantitative
model of values based on qualitative (verbal) difference judgements, that facilitates
the path from ordinal to cardinal preference modelling, namely analysing judgmental
inconsistence and offering suggestions to move the process forward.

MACBETH is:

v Humanistic in the sense that it should be used to help decision-makers
ponder, communicate, and discuss their value systems and preferences.

v Interactive because we are convinced that this reflection and learning process
can best spread through socio-technical facilitation sustained by
straightforward questioning-answering protocols. From a practical viewpoint,
this suggests that such interaction would greatly benefit from an extremely
efficient and user-friendly decision support system, as it is actually the case of
the M-MACBETH software.

v' Constructive because MACBETH rests on the idea that full-bodied convictions
about the kind of decision to make do not (pre-)exist in the mind of the
decision maker, nor in the mind of each of the members of a decision advising
group, but that we can provide them with help to form such convictions and to
build robust (shared) preferences concerning the different possible options to
solve the problem.

Let us point out that this type of construction does not have to be, and should not be,
anarchic in nature. In order to ensure the coherence of the construction process, it is
advisable that it be done within the framework of a well defined model of aggregating
(“partial”) preferences established at the level of each of the multiple criteria. The
MACBETH approach adopted the additive value aggregation model as the reference
scope that guarantees the coherence of the help provided in the course of a
multicriteria process of building (“global”) preferences. Here are some of the reasons
that led us to choose the additive model:
v ltis particularly simple
v itis well known
v' its technical parameters have a clear and easily explicable substantive
interpretation
v it allows the processing of the difficult problem of relative importance of criteria
in a precise way
v it permits the avoidance of the difficulties that are inherent in every ordinal
aggregation (Condorcet’s Paradox, Arrow’s Theorem).



The additive value model has some attractive assets but its practical implementation
is sometimes difficult because it requires the availability of very rich information,
concerning the decision makers’ preferences, in order to produce mathematically
significant results. Within the framework of MACBETH, we did not perceive this
necessity to be a drawback. Instead, we considered it to be an opportunity to compel
the decision makers to think about their preferences at a greater depth than usual
and thus get a clearer vision of the decisional situation. Furthermore, this difficulty
associated with the process of additive aggregation led us to think profusely about
how to get the decision makers to provide such rich information. The first publications
regarding MACBETH were about this very issue (see section 4) and we consider that
one of the strengths of MACBETH is the original and in practice well calculated
manner in which this crucial aspect is treated; this subject is presented in section 2.

In section 3, we will tackle the multicriteria aspect of the MACBETH approach; more
specifically, we will present how the technique described in section 2 can be used,
not only for the determination of the value scales at the level of each criterion but also
for the determination of the “weights” of these criteria. We will also refer to some of
the numerous functionalities of M-MACBETH, in particular the different sensitivity and
robustness analyses that this software allows one to make. These capabilities are
another strong point of the MACBETH approach; they are liable to greatly assist the
emergence of convictions that enable to move forward the decision making process.

2. How to obtain cardinal information
2.1. Concept of ordinal information

Let X be a finite set of elements. We will say that we have “ordinal information”
(regarding the attractiveness of the elements of X) when these elements are ranked
(with equals or not) in accordance with decreasing attractiveness. In such a case, it is
possible to associate to each element x of X a number v(x) that satisfies the following
measurement conditions (ordinal measurement conditions):

CM1) V x, y e X: [x is more attractive than y < v(X) > v(y)]

CM2) V x,y eX: [xis as attractive as y < v(X) = v(y)].

A numerical scale v: X — R: x — v(x) satisfying the ordinal measurement conditions
iS unique up to a strictly increasing transformation, that means that:
1) if v satisfies CM1 and CM2, then, for each strictly increasing function ¢: } —
R, (¢ o v) satisfies also CM1 and CM2
2) if v¥ and v** are two functions X — R satisfying CM1 and CM2, then, there
exists a strictly increasing function ¢* : R — R such that v** = ¢* o v*.
Such a scale is called an ordinal scale.

Let us point out that, if we write P the binary relation defined on X by
[V x,y € X: XxPy < x is more attractive than y],
then one can prove that P determines an ordinal information
if and only if P is asymmetric and negatively transitive
if and only if P is asymmetric and transitive and | is transitive
where | is the binary reflexive relation defined on X by
[V X,y e X: xly & xRy and yRx )].



2.2. Concept of cardinal information

We will say that we have “cardinal information” (regarding the attractiveness of the
elements of X) when

1) we have ordinal information (regarding this attractiveness)

2) V (xy), (zw) € P, we have a strictly positive number that we will write
R((x,y)/(z,w)) (“measuring” the ratio of differences of attractiveness between x
and y on the one hand, and z and w on the other hand), these numbers
satisfying the following conditions:

a) VYV (u,w), (w,x), (s,t) e P: R((u,w)/(s,1)) + R((w,x)/(s,1)) = R((u,x)/(s,1))
b) V (u,w), (x.y), (s,t) € P: R((u,w)/(s,1)) x R((s,1)/(x,y)) = R((u,w)/(x.y))-

When we have such information available, it is possible to associate a number v(x) to
each element of X satisfying the following measurement conditions (cardinal
measurement conditions):

CM1) V X,y eX: [XPy < v(X) > v(y)]

CM2) V X,y eX: [Xly & v(x) = v(y)]

CM3) V (x.y), (z,w) € P: R((x,y)/(z,w)) = [v(X)-v(y)] / [V(z)-v(W)].

A numerical scale v: X — R: x — v(x) satisfying the cardinal measurement conditions
iS unique up to a positive affine transformation, that means that:
1) if v satisfies CM1, CM2 and CMS3, then, V o, B € R with o>0, a.v + 3 also
satisfies CM1, CM2 and CM3
2) if v* and v** are two functions X — R satisfying CM1, CM2 and CM3, then two
real numbers exist, o* and B* with o*>0, such that ¥V xe X: v**(x) = o*.v*(X) +

*

Such a scale is called an interval scale.

Let us observe that a way to give cardinal information (regarding the attractiveness of
the elements of a finite set X) consists of placing the elements of X on a vertical axis
so that:
1) VX ye X:xPy & xis positioned above y on the vertical axis
2) Y(Xy),(z,w) € P, R((x,y)/(z,w)) = d(x,y)/d(z,w), where V s, t € X, d(s, t) is the
measure, in some unit, of the distance that separates the elements s and t on
the vertical axis.

The use of the additive aggregation model, in the MACBETH approach, as reference
scope to ensure the coherence of the process of building preferences requires that
cardinal information concerning the attractiveness of the elements of a finite set be
obtained from the decision makers.

2.3. Regarding the transition from ordinal information to cardinal information
2.3.1. Introduction

The transition from ordinal information to cardinal information constitutes a
considerable jump in terms of the wealth of the information. When we have ordinal
information concerning the attractiveness of the elements of a finite set X, entering
the cardinal world reveals the origin of the notion of strength of preference, that we
designate in MACBETH by “difference of attractiveness” to avoid any
misunderstanding with any other approach that uses another type of cardinal



preference information, such as ratio judgements. Even if people feel as though they
easily understand the notion of difference of attractiveness, it is rare for them to think
about it in any depth. Therefore, if we want the collected information to be reliable, in
the sense that it accurately represents what the person feels, it makes little sense to
ask for cardinal information without some previous preparation. We must, therefore,
develop stages to bridge the long way between ordinal and cardinal information.

2.3.2. MACBETH questioning and MACBETH preference information

In order to facilitate the transition from ordinal to cardinal, we decided to begin by
asking the evaluator J questions whose formulation used only two elements of X; our
goal was to make the first “cardinal’ questions, those regarding the notion of
difference of attractiveness, as simple and easy as possible.

After various experiences in practical cases, we decided upon the following
questioning mode. When xPy (x more attractive than y), what do you feel is the
difference of attractiveness between x and y: “very weak”, “weak”, “moderate”,
“strong”, “very strong” or “extreme”? If unsure about this difference of attractiveness,
J is allowed to choose several successive categories.

Note that the name “MACBETH approach” comes from this mode of questioning:
Measuring Attractiveness by a Categorical Based Evaluation Technique.

By definition, we will say that we have “MACBETH preference” information
(concerning the attractiveness of the elements of X) when:
1) we have ordinal information concerning this attractiveness (asymmetric and
negatively transitive binary relation P on X)
2) V (x,y) € P, the couple (x,y) has been allocated to one of the six categories of
difference of attractiveness “very weak”, “weak”, “moderate”, “strong”, “very
strong”, “extreme” or to the union of several successive categories among

these.
2.3.3. Concept of precardinal information

We will say that the MACBETH preference information (concerning the attractiveness
of the elements of X) is “precardinal’” when it is compatible with cardinal information,
that is when it is possible to extend it to cardinal information, without modifying it but
only by refining it.

The following proposition is easy to prove.

Proposition:
The MACBETH preference information (concerning the attractiveness of the
elements of X) is precardinal if and only if it is possible to associate to each element x
of X a number v(x) satisfying the following conditions:
CM1) V X,y eX: [XPy < v(X) > v(y)]
CM2) V X,y eX: [Xly & v(x) = v(y)]
C3) V (xy), (z,w) € P, if it results from the MACBETH information that the
difference of attractiveness between x and y is greater than the difference
of attractiveness between z and w,
then v(x) — v(y) > v(z) — v(w).



A numerical scale v: X — R: x — v(x) satisfying the conditions CM1, CM2 and C3 is
called a precardinal scale.

Regarding uniqueness, the notion of precardinal scale is between those of ordinal
scale and cardinal scale in the sense that: if v* satisfies CM1, CM2 and C3, it is
possible to generate the set of scales satisfying CM1, CM2 and C3 by composing v*
with each element of a set ) of functions from %R in R so that

G, % .J % G,

where G; is the set of strictly increasing functions from R in R and G; is the set of
positive affine functions from R in R [functions as f(r) = o.r + B where o, B € R and o
> 0]. Note that, even though G; and G, are groups for the composition rule, that is not
the case for J .

2.4. Process to obtain cardinal information in MACBETH
2.4.1. Introduction

In order to help a person (or a group of persons) J to provide cardinal information
concerning the attractiveness of the elements of a finite set X, the “MACBETH
philosophy” consist of getting J to, through an interactive process of reflection and
learning, progressively refine his (or their) judgements. Generally, this process is
managed in accordance with the great lines exposed hereafter. Let us mention that
there are other possibilities of interaction already explored in practical cases (see
section 3.3.2); as a matter of fact, the M-MACBETH software includes several
options (for example, the possibility of accepting answers such as “lI don’t know”
when comparing two actions) that assist the reflection process even in extremely
difficult cases — see [44] for a deep presentation and discussion of all those options.

2.4.2. Obtaining ordinal information

We ask J for a ranking of the elements of X by order of decreasing attractiveness.
When we find J to have difficulties giving such a ranking, we propose instead that J
compare the elements two at a time: is one of the two elements more attractive than
the other and if yes, which one? For each of J's answers, the M-MACBETH software
will test the compatibility of the collected information with ordinal information. If an
incompatibility is detected, J will receive a warning message ("no ranking”) and a
discussion will begin. To facilitate such a discussion, the software allows the source
of the problem to be graphically displayed (see Figure 1) and even provides
suggestions of the judgement modifications that would make the pairwise comparison
information compatible with ordinal information.
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Figure 1. Example of ordinal incompatibility. (H; and L, are reference actions
which role will be explained in section 3.1.2)

2.4.3. Obtaining a precardinal MACBETH preference information

When we have ordinal information, the entrance into the cardinal world is made
through MACBETH questioning. The questions may be asked in any order and can
be stopped at any moment: if xPy and if questioning were stopped before J answered
the MACBETH questioning concerning the couple (x,y), we would consider that the
MACBETH preference information relating to this couple belongs to the union of all
categories of difference of attractiveness (it is a borderline answer but it is acceptable
and appears in the M-MACBETH software with the mention: “positive” difference of
attractiveness).

For each of J's answers, the software tests the compatibility of the information
collected with cardinal information. If an incompatibility is detected, J receives a
warning message (“inconsistent judgements”) and a discussion will begin. To
facilitate such a discussion, the software allows the source of the problem to be
graphically displayed and even provides suggestions of the judgement modifications
that would make the information precardinal (see Figure 2). The software has the
ability to display the source of an incompatibility and provide all of the possible ways
to resolve it.

H1 b a C L1

H1 ]Tveryweak ﬂ strong positive positive

b _ weak-mod ]Imuderﬂte positive
a _ﬂ weak positive
C _ strong
¥ |
Inconsistent jJudgements

Suggestion 1 of 4 : 1 modification(s)

Problems | Diff. | Couples Couples |  Diff.
1 strong H1-a = b-c | moderate
weak a-c > Hl-b | veryweak

Figure 2. Suggestion of judgement modifications.



2.4.4. Presentation of a precardinal scale

Upon demand, the M-MACBETH software can, at any moment in which the
MACBETH preference information is precardinal, determine an example of a scale
that satisfies the conditions CM1, CM2 and C3 (see section 2.3.3). This scale can be
presented in a numerical (see Figure 3) or graphical (“thermometer”) way with the
ability, in the latter case, to choose whether or not to display the numerical value
associated with each element of X (see Figure 4).

H1

a

C

L1

H1

Macbeth |Macbeth
b a c L1 .
transformed| basic
very weak  mod-strg positive positive 100.00 9.00
_ weak-mod strong positive 88.89 &.00
_ weak v. strong 66.67 6.00
_ strong 44 .44 4.00

Consistent judgements

Figure 3. Numerical display of a precardinal scale. (The “MACBETH transformed scale” is a direct
linear conversion of the “MACBETH basic scale”; by default, the M-MACBETH software assigns
“transformed” scores of 100 and O to the references H; and L,, respectively; if references are not
explicitly defined, the 100 and 0 scores are automatically assigned to the most and least attractive
actions, respectively.)
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Figure 4. Graphical displays of a precardinal scale.




The basic MACBETH scale can be obtained by solving the following linear program
(PL-MACBETH):

Min v(x")
under the constraints:
V X,y eX: XPy = v(x) 2 v(y) + 1 + 3(X,y,Y,Y)
VX, yeX: xly=v(xX)=v(y)
Y (x,y), (z,w) € P, if the result from the MACBETH preference information is that
the difference of attractiveness between x and y is greater
than the difference of attractiveness between z and w,
then v(x) — v(y) =2 v(z) — v(w) + 1 + d(X,y,Z,w)
v(x) =0;
where
P is the asymmetric and negatively transitive binary relation defined on X that
models the ranking of the elements of X by order of decreasing
attractiveness
| is the binary relation defined on X by, V x, y e X: X1y < xRy and yRx
x* is an element of X so that, V x € X: x"(PuUI)x
X~ is an element of X so that, V x € X: x(PuIl)x™
o(x,y,z,w) is the minimal number of categories of difference of attractiveness
between (the difference of attractiveness between x and y) and (the
difference of attractiveness between z and w).

+

The optimal solution of this linear program is not necessarily unique; multiple optimal
solutions may exist, with different values for at least one element x € X\{x", x’}. To
mathematically ensure the unigqueness of the basic MACBETH scale, supplementary
technical linear programs are used in the software, after running PL-MACBETH [44].
Obtaining this precardinal scale is not an end in itself, but a step forward in the
learning process towards a cardinal representation of J's preferences.

We call every scale obtained by the composition of the basic MACBETH scale with a
positive affine function from R in R a transformed MACBETH scale. In Figure 3, the
transformed MACBETH scale has been obtained by imposing that this positive affine
transformation must be such that v(H;) = 100 and v(L;) = 0 (possible in the software).
Of course, every transformed MACBETH scale is also a precardinal scale.

2.4.5. From precardinal to cardinal: discussion around a scale

The precardinal MACBETH scale is graphically presented to J and is commented
upon; we explain, in particular, to J that the elements of X have been positioned on a
vertical axis so that:
(1) V x,y e X: xis positioned above y & J has declared that x is more attractive
thany
(2) VX, vy, z, we Xwith x more attractive than y and z more attractive than w,
if the result from the MACBETH information is that the difference of
attractiveness between x and y is greater than the difference of
attractiveness between z and w,
then the distance between x and y is greater than the distance between z
and w;
and these assertions are verified in some cases.



We point out to J that many other possible placements of the elements of X exist
which can graphically represent the verbal information that J has provided and we
show to J that:
v when J selects an element (with the mouse), an interval (in red in the
software) appears around this element
v" by moving the mouse, J can modify the position of the selected element but
only within that interval
v" by modifying the position of an element inside the interval, J obtains a new
positioning of the elements of X compatible with J's verbal judgements — in the
sense that it verifies conditions (1) and (2)
v/ an attempt to position the selected element outside of the interval without
modifying the position of at least one other element of X, would make the
resulting positioning of the elements no longer verify conditions (1) and (2).

J has the opportunity to modify the positioning of the elements of X, should J want to,
so that, not only conditions (1) and (2) are satisfied but also, the relative distances
which appear between the elements reflect the relative differences of attractiveness
that J deems to exist between these elements (see example in Figure 5).

- 100.0
—{ b | b | - R
e 75

500

—r—1c |

0.0

Figure 5. Adjusting the scale.

We then make the cardinal information concerning the attractiveness of the elements
of X available, so as to allow the determination of an interval scale on X “measuring”
the attractiveness of the elements of X (for J).

Note that, if J absolutely wants to position an element outside its interval, the
software will permit J to do so (not by moving the mouse), provided that the new
position of the element allows, by modifying the positions of the other elements, the
compliance with conditions (1) and (2) — this is graphically represented by a new
interval (in green in the software) around the considered element (this new interval
will always include the first interval within it, as shown in Figure 6).
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Figure 6. The green interval.

3. The MACBETH multicriteria decision aid process
3.1. Model structuring
3.1.1. Criteria

The multicriteria analysis process usually starts with a discussion of the different
points of view about how potential actions should be evaluated. A “point of view” (or a
“concern”) is any aspect that (1) emerges during the discussion as relevant for
evaluating potential actions, (2) in the perspective of at least one actor, and (3) has a
value meaning that is well defined and understood by everybody so as to avoid
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criteria (fundamental points of view) can appear immediately after the top (“overall”)
node; other criteria are peers within an area of concern represented by a parent
node. When the tree’s purpose is to emphasise only the criteria, it can be structured
in such a way that each of the criteria appears at the end of a branch. In other cases,
the tree can be structured so as to provide a detailed overview of the value issues, in
which case the criteria can appear at any level, rather than only at the terminating
nodes.

Example
Person J, responsible for the purchase of an inkjet printer, has made a short list A of

five models with similar prices:
A = {PH, Conan, Espon, Sister, Nomark}

J started the MACBETH muilticriteria process by introducing these five potential
actions (options of choice) into the M-MACBETH software. The software was then
used to develop the value tree shown in Figure 7, in which J identified three
fundamental points of view (the decision criteria, shown in bold characters in the
tree):

PVi: black printing quality (abbreviated: Black)

PV5: colour printing quality (abbreviated: Colour)

PV3: black printing speed (abbreviated: Speed).
Note that the point of view “Printing quality” is not a decision criterion, it is an area of
concern specified by two criteria.

[ Overall

4. Printing quality

4D Black printing quality
4D00lour printing quality
4. Black printing speed

Figure 7. Value tree. (The structuring component of the M-MACBETH software was
designed with the purpose of being flexible enough to allow for all sorts of value trees;
that is why, each time a point of view is inserted in the tree, the software requires the
user to specify whether or not it is to be taken as fundamental, that is, as a decision
criterion.)

3.1.2. Explicit references

In the MACBETH decision aid process, the assessor J is asked to specify, for each
criterion PV;, two particular “references” H; and L; (where H; is more attractive than L)),
which make sense to J because of their concrete nature (if they are described as
particular levels of performance), or symbolic nature (if they are defined as particular
levels of intrinsic value), or a combination of these. In accordance with the theory,
fixing the value scores of these references permits one to obtain a unique numerical
representation of cardinal intra-criterion preference information. However, their
principal interest is that {(L;, H)) | i € {1, ..., K}} constitutes a particularly solid and well
adapted basis for the assessment of inter-criteria preference information for
weighting the criteria, as we will describe in section 3.3.2.

11



In the traditional multicriteria analysis literature, H; and L; are almost always implicitly
defined as either the limits of a range of plausible performances or the performances
of the “most attractive” and the “least attractive” actions in each criterion PV;, for all i
=1, ..., K. The M-MACBETH software allows the user to follow this traditional
approach, because, when no explicit references are introduced in the software, such
implicit references are automatically assumed. In our opinion, however, it is better to
invite J to specify two concrete reference levels a prio2.3(eweon, )10(llo)7(w this tradi.8(tTJ8.04
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in one criterion with the value associated with a change from neutral to good in
another criterion, rather than the changes or “swings” from least attractive to most
attractive, makes it possible not only to derive weights for the criteria before actions
are known [15], but also to avoid forcing J to consider unrealistic tradeoffs [11]. Last
but not least, starting by defining neutral and good references can significantly
facilitate the construction of descriptors, as will be detailed in the next section.

Example (continued)

J defined references “good” and ‘neutral” in concrete terms, for each of the three
criteria. Figures 8 and 9 show these references for “Black printing quality” and
“Colour printing quality”, respectively; 10 and 6 pages per minute were fixed as
indicating good and neutral black printing speeds, respectively (Figure 10).

A00d . =
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Figure 8. References of “Black printing quality”.
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Figure 9. References of “Colour printing quality”.

good —— | 10
neutral —— 3]

Figure 10. References of “Black printing speed” (pages/min).
3.1.3. Descriptors

On the basis of a family of criteria it is already possible to use MACBETH to evaluate
actions, by comparing them in terms of difference of attractiveness in each one of the
criteria. While this may be valid in many cases, the transparency of the result can be
limited. Alternatively to working directly with the actions, the introduction of
descriptors of “impacts” (plausible performances, or consequences of potential
actions against the criteria) will contribute decisively to well informed judgements as

well as to a justified and transparent evaluation. A “descriptor” is an ordered set D; of
plausible impact levels associated with a criterion (fundamental point of view) PV;. It
is intended to:

1. Operationalise the appraisal of the impact of each action in the criterion.

2. Make possible the objective description (insofar as this is possible) of the
impacts of actions with respect to that criterion. The higher the level of
objectivity associated with the appraisal of the impacts, the better understood
(less ambiguous) and therefore the better accepted (less controversial) will the
evaluation model be.

3. Better frame the evaluation model, by restricting (whenever appropriate) the
range of impact levels to a plausible domain (from a most attractive or
desirable level to a least attractive level). This impact-range can be defined by
screening out impacts or options that are non-admissible or out-of-context.

4. Verify the ordinal independence of the corresponding criterion. If dependence
is detected in this phase, feedback is necessary to re-structure the family of

13



criteria, so that “all other things being equal’ (ceteris paribus) comparisons of
actions may be individually made against each criterion.

The contextual operational requirement imposed to a descriptor will permit a criterion
to be described in such a way that clarifies why it is important for the decision maker,
and, when several actors are involved, each one will better understand the other
ones’ values. This is also enhanced by the ordinal requirement imposed upon a
descriptor, which gives to the descriptor the structure of an ordinal preference scale
(either continuous or discrete). Note that this preference is limited to the criterion
under consideration; hence, it is called “local” attractiveness, to distinguish it from
“overall” attractiveness (i.e. at the level of the entire family of criteria).

Discussing the descriptors for the various criteria can also provide insights which will
lead to a better definition of the value tree. For example, disagreement between
actors arising from the ordinal requirement imposed upon a descriptor should be
clarified at this stage, not postponed. A couple may agree that the size of the car they
will both use is an important evaluation aspect, but, for instance, the husband may
privilege a bigger car while his wife stands for a small one. Inspection of the reasons
behind these contradictory preferences will eventually reveal different hidden
fundamental points of view. The family of criteria then needs to be restructured, to
include the new criteria instead of the size of the car. On the other hand, the
discussion of alternative descriptors for the same criterion, in order to select the most
appropriate in a specific decision context, can help to avoid redundancy in the model.

Depending on the context, a descriptor may be more or less directly related with the
criterion. It is then useful to distinguish between direct and indirect descriptors:
v' The levels of a “direct (or natural) descriptor” directly reflect effects (such as
the number of people affected by respiratory diseases).
v' The levels of an “indirect (or proxy) descriptor” indicate causes more than
effects (such as the degrees of concentration of air pollutants that cause
respiratory diseases).

It is not always certain that a natural descriptor is necessarily more adequate than a
proxy one, namely for reasons of lack of information (see section 3.1.4). For similar
reasons, or when the criterion has a subjective or intangible nature (image, for
example), or it is a cluster of several interrelated elementary aspects that are
judgementally dependent, neither a direct nor an indirect descriptor exists or can be
assessed. In such cases, a “constructed descriptor” has to be developed within the
specific context. The levels of a constructed descriptor can be qualitative or
guantitative (or mixed) and several types can be conceived, like:

v' “One-dimension qualitative scales”: finite sets of verbal descriptions of one-
dimension plausible impacts.

v' “Multidimensional descriptors™. sets of multidimensional impact levels, each
one for instance describing a plausible consequential scenario involving
several elementary aspects. They can be multidimensional (discrete) scales or
indices. The former are constructed by individual descriptions of each of their
multidimensional impact levels, the latter are defined comprehensively by a
formula that combines several dimensions analytically.

v' “Pictorial descriptors”: finite set of reference visual representations of impacts
(like sketches, drawings, pictures, videos, computer simulations, etc.).
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It is not always an easy task to develop a constructed descriptor. As its construction
inherently requires value judgments, conflicts of viewpoints may arise in group-
structuring; different actors may tend to privilege different descriptors, even if all of
them agree on the criterion. Unavailability of input data can further complicate the
task. It may also be difficult for J to directly rank the levels of a complex qualitative
descriptor in terms of relative attractiveness. In such cases, the MACBETH process
for obtaining ordinal information described in section 2.4.2 can be of great help.

Our experience in applying multicriteria decision analysis to public policy decision
contexts has made it clear that the difficultness associated with constructing a
descriptor for a criterion PV; can be very much facilitated if one starts by taking the
two fixed references good; and neutral; as anchors to develop additional levels. One
can then stimulate reflection by asking J simple questions like: Can you conceive a
very attractive impact, that is, better than good? What could an attractive impact that
is worse than good be? Can you accept an unattractive impact, that is, worst than
neutral, and if so what could an example of such an impact be?

The M-MACBETH software can deal with qualitative or quantitative descriptors. In the
case of a continuous descriptor (that is, when D; is an interval of real numbers to
which information of relative local attractiveness is associated with regards to the
respective criterion PV)) the software requires the impact range to be split up into a
few intervals and takes the limits of these intervals (not the intervals) as a reference
set of quantitative levels S = {di, da, ..., dq} = R. The reason for this is to enable
these levels to be, subsequently, compared by using the MACBETH interactive
process described in section 2, and obtain a cardinal scale vi; S — R: d — vj(d); this
scale will be extended to a piecewise linear value function, simply defining a D; > R
scale by linear interpolation.

The M-MACBETH software always requires the user to define a descriptor for each
criterion, but it offers the possibility of taking the set of potential actions introduced
into the software as the levels of the descriptor. Therefore, the software can deal with
cases in which one wants to compare the options directly. Note that a descriptor
defined as an ordered set of actions is a limit type of constructed descriptor that is
perfectly admissible when the actions are familiar to the decision maker. In this and
all other cases, each of the two references H; and L; can, but do not have to, be a
level of the descriptor D; of the criterion PV;; in any case, we will always write X; = D;
U {Hi, Li}.

Example (continued):

Figures 11 and 12 show the qualitative descriptors associated with "Black printing
quality” and “Colour printing quality”, respectively. The quantitative descriptor
associated with “Black printing speed” is the number x of pages printed per minute,
with x ranging from 11 (most attractive) to 5 (least attractive).
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Description of the impact levels
Elack Quality comparable to that of a laser printer
Elack? Does not smear, any defects difficult to spot with the naked eye
Elack3 smudges are rare and minuscule, some slight defects (almost unnoticeable)
Elacks Some smudges (not very significant), few or no "waves”
Elacks some large smudges, small characters difficult to read, some "wayves”
Elacke utenberg could have done as well

Figure 11. Descriptor of “Black printing quality” (abbreviated: “Black”).

Description of the impact levels
Zolour Frinted pictures looks like developed at a professional studio
Zolour? Excellent colours, can be used to reproduce pictures
Zolour3 Smudges are rare and minuscule, some slight defects {almost unnoticeabls)
Zolourd iZolour quality is good enough to print drawings but not pictures
Colours Colour quality just enough to be used to enhance text
Colourf The blue is not blue, the red is not red, the green is not green

Figure 12. Descriptor of “Colour printing quality” (abbreviated: “Colour”).
3.1.4. Impacts of a potential action

When selecting or constructing a descriptor, one has to bear in mind that it must be
operational for the estimation and analysis of the impacts of actions in the respective
criterion. This assumes that, for each criterion, it will be possible to appraise the
impact of implementing each potential action from among the levels of its descriptor.
Why and for what purpose would one select or laboriously define a descriptor that it
is not ultimately suitable to appraise the impacts of the options, for instance, due to
lack of information, or time, or any other necessary resources? For example, in the
case of the comparison of alternative packages of new roads in the Lisbon Region
[5], a natural descriptor of “air pollution effects” was the “increase in number of
people affected by pollutant emissions” after the construction of the roads. However,
the use of this descriptor to estimate impacts would require a rigorous and expensive
mathematical model that could not be afforded. That descriptor had to be abandoned
and, alternatively, a rough (but effective) qualitative descriptor had to be constructed,
{*decrease in emissions”, “no significant change in emissions”, “increase in
emissions”}. Expert judgements were then used to appraise the qualitative impacts of
the packages. In conclusion, the definition of a descriptor is only complete when a
procedure for estimating the impacts of the options is also associated with it. Such a
procedure can consist of the use of a mathematical (optimisation, simulation, etc.),
econometric, or technical model or formula, an empirical rule, a panel of experts, a
survey technique, an experimental process, etc.

Mathematically, the “impact” of an action a on criterion PV; is a sub-set of D;. The
definition of the impact of an action in the M-MACBETH software always requires one
to begin by choosing one and only one level of D;, which we will write mj(a). We call
n(a) = [r1(a), m(a), ..., mk(a)] the “impacts-profile” of action a and “impact table” the
organised collection of the m(a), for all a € A (A being the set of actions) and for all
PVi(i=1, ..., K).
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Example (continued)
The second to sixth lines in Figure 13 represent the impact profiles of the five
printers, which together constitute the impact table of the example. For instance, J
defined for “PH’:

m(PH) = [Black3, Colour2, 7 pages per minute]
The two bottom lines in Figure 13 show the impact profiles of [good] and [neutral],
each one formed by the references “good;” and ‘neutral”, respectively, already
established in each criterion PV, Thus, [good] and [neutral] can be seen as the
impact profiles of the two fictitious reference options “good all over” and “neutral all
over”, respectively.

. B.la(.:k C_olc:_]ur Speed
Frinters printing printing .
(gualitative) | (qualitative) Jpegeeia,
FH Elack3 Colour? 7
iZonan Elack1 Colourd 9
Espon Elacks Colour? 5.5
Sister Elacks Colour3 105
MNomark Elack3 Colour3 9
[Qood] Black? Colour? 10
[neutral] Elacks Colours 5

Figure 13. Impact table and reference profiles

When no uncertainty is involved in the procedure of impact estimation, an impact
table provides an overview of the impacts of the options in the criteria identified in the
structuring process. This is, of course, the most desirable case. By comparing the
impacts of options on each criterion one can conclude whether or not one option is
better than another. At the same time, the comparison of impacts to the references
neutral; and good; serves to determine whether an option is very attractive, simply
attractive or unattractive with regard to criterion PV;. These are ordinal results that
provide qualitative knowledge about the local attractiveness of the actions. They are
not, however, sufficient to specify whether one option is “better” or “much better” than
another, nor how attractive or unattractive an option is in each criterion. These types of
cardinal results require deeper investigations of preferences and can only be obtained
using methods that appraise preference strengths of one impact over another. This is
the subject of quantitative value analysis (see section 3.3).

Example (continued)

Figure 14 shows the rankings of the printers by decreasing order of local
attractiveness in each of the criteria, derived directly from Figure 13. Figure 14 offers
J interesting information, both of relative and intrinsic nature. Conan provides an
example of the former type, as it simultaneously has the best black and the worst
colour printer quality among all the printers considered by J. Conan also provides an
example of the latter type, as it is a very attractive printer (because it is better than
good) in terms of black printing quality, but it is simply afttractive in terms of both
colour printer quality and printing speed.
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x
Black Colour Speed
Conan [good ] Sister
[ good ] FH [ good ]

FH Espon Caonan
Mamark oister Mamark
[neutral ] || Momark Espon

Espon Conan FH
Dister [neutral] || [ neutral ]

Figure 14. Rankings (“indifference” is indicated by a border around two or more designations).

Several types of uncertainty may, however, substantially affect the estimation of
precise impacts. Bouyssou [39] offers an interesting discussion of what he considers
to be the four main sources of uncertainty: “the ‘map’ is not the ‘territory”” (meaning
that an impacts-profile of an option can not be taken as the option in itself), “the
‘future’ is not a ‘present’ to come” (referring to the classical notion of uncertainty in
Decision Analysis), “the data are not the result of exact measurement”, and “the
model is not the description of a real entity independent of the model” (highlighting, in
a constructive perspective, that the way the modelling process is conducted
influences the model in itself). The extent to which it is worthwhile to formalise and
detail the modelling of uncertainty phenomena is indissoluble from what a “requisite
model” [52] is in the specific decision-context: that is, what is the necessary and
sufficient information that should be incorporated in the evaluation model to resolve
the issues at hand.

When J considers that the uncertainty relating to the determination of the impact of
an action a on criterion PV; is great, the M-MACBETH software lets J specify, in
addition to mj(a), two levels of X; between which J is sure to see the expression of the
effect of action a on PV,. This “interval” will be used in the robustness analysis of the
results provided by the additive aggregation model (see section 3.5).

Example (continued)

J had doubts about the black printing quality of “Conan”, hesitating between the
impact-levels “quality comparable to that of a laser printer” (Black1), which seemed to
be closer to what J observed (see Figure 13) and “does not smear, any defects
difficult to spot with the naked eye” (Black2). This uncertainty information was
therefore introduced into the software as shown in Figure 15.

IEEIEu::kE v| = Impactof Conan = IEHEU::H vl
Figure 15. “Interval” of impact uncertainty.
3.2. Dominance analysis

The analysis of the impacts-profiles of the actions can yield, by itself, important
insights about the relative and intrinsic attractiveness of the actions, even if only in
ordinal terms. Relative analysis consists of comparing impacts of different actions,
namely using the concept of “dominance”. Analysis of intrinsic attractiveness can be
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technically reduced to the relative analysis that consists of the individual comparison
of the impacts-profile of each action with reference profiles.

Let a and b be any two potential actions. One says that:
a (strictly) dominates b if and only if
v the impact of b is not more attractive than the impact of a in any criterion
and
v the impact of a is more attractive than the impact of b in at least one criterion.

The results of dominance analysis can be synthesised in a “dominance table”.

Example (continued)

The dominance table in Figure 16, produced by the M-MACBETH software for the
impact table in Figure 13, reveals that dominance does not hold between any two
printers (this is represented by a question mark). There are, however, several
dominance situations (represented by triangles in Figure 16) involving a printer and
one of the two reference profiles [good] and [neutral]. They offer several pieces of
relevant information for J; for instance, from the last column of Figure 16, it is robust
to assert that, considering only the impacts of the printers and the reference levels
defined, “PH”, “Conan”, “Espon” and “Nomark” are globally attractive printers (note
that the “?” between “Sister” and [neutral] does not mean that “Sister” is globally
unattractive; it only indicates that, with the information available at this stage, the
assertions “Sister is an attractive printer” and “Sister is an unattractive printer” are not
robust.

-io/x]
T PH Conan | Espon Sister | Nomark | [good ] |[ neutral ]
PH | = ? ? ? ? A
Conan | 2 = 2 ? ? A
Espon ? ? — ? ? A
Sister ? ? ? i 2 ? ]
Nomark | 2 ? ? ? = A
[good] | A ? A ? A = A
[ neutral ] ? —

Figure 16. Dominance analysis.

Dominance analysis is the simplest type of (global) robustness analysis (see section
3.5). Unfortunately, its results are usually too poor to derive a complete ranking of the
actions in terms of overall attractiveness or a most preferred option. This will require,
in almost all cases, the collection of cardinal preference information, from J, both at
the local and global levels.

3.3. Building a cardinal value model
3.3.1. Acquisition of local preference information

Example (continued)

Observe, in the last column of Figure 13, the black printing speeds estimated for the
printers. For instance, the difference of speed between Sister and Conan (10.5-9=1.5
pages/min) is equal to the difference of speed between Espon and PH (8.5-7=1.5
pages/min). Nonetheless there is no evidence that suggests that, with regard to this
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criterion only, when confronted with such input data J would necessatrily feel that the
difference of attractiveness between Sister and Conan is the same as the difference
of attractiveness between Espon and PH. Such a statement can only be made after J
has provided cardinal preference information. (That is cardinal information regarding
the attractiveness of speed levels, not cardinal information about speed.)

Cardinal (intra-criterion) information regarding the local attractiveness (relating to PV;
only) of the elements of X; (for each i € {1, 2, ..., K}) can be acquired from J, in
accordance with the MACBETH learning process described in section 2. We will
hereafter write v; a numerical scale defined on X; that satisfies the cardinal
measurement rules CM1, CM2 and CM3: v; is an interval scale which “measures” the
local attractiveness (in regards to PV)) of the elements of X;.

Example (continued)

For “Black printing speed”, J has provided cardinal information concerning the local
attractiveness (in regards to “Speed”) of levels “5”, “6”, “7”, “8”, “9”, “10” and “11”
pages/min. J’'s MACBETH judgements are shown in the matrix of Figure 17.

_i5
i 10 g 8 7 B R
11 vy weak weak weak, weak, strong W, strong

10 - vensweak | positive positive strong strong
- weryweak | positive positive strong
- wvenyweak | positive moderate
- weak weak
|

L5 I = B (et ) e ) (R

Consistent judgements

Figure 17. J's matrix of judgements for the criterion “Black printing speed”.

The MACBETH questioning-answering process took place with the direct interactive
support of the M-MACBETH software, as follows:

1. It began with the comparison of the good and neutral speeds (10 and 6
pages/min, respectively). J qualitatively judged the respective difference of
attractiveness as being “strong” (see Figure 17).

2. J was then asked to compare the two extreme levels of impact-range of “Black
printing speed”, that is, J compared the most attractive speed and the least
attractive speed (11and 5 pages/min, respectively), followed by the second
most attractive level (10 pages/min) with the least attractive, and so on,
thereby completing (from top to bottom) the last column of the matrix; this step
implicitly used the least attractive level (6 pages/min) as a fixed reference.

3. The most attractive level was then compared to each of the other levels, in
order of increasing attractiveness, thereby completing (from right to left) the
first row of the matrix, now taking as the fixed reference the most attractive
level (11 pages/min).
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4. The next step consisted of comparing the most attractive level with the second
most attractive level, the second most attractive with the third, and so on,
thereby completing the diagonal border of the upper triangular portion of the
matrix.

Comments:

v' This sequence is not at all compulsory. For instance, step 1 is often skipped in
practice, as it was the case described in [12], in which an additional final step was
added:

5. To assess the remaining judgements.

It is not necessary to complete the matrix for a MACBETH scale to be created,
however, the more preference information provided the greater the scale’s level of
accuracy.

v An alternative questioning order would be to fill in the MACBETH matrix
diagonally (see example in Figure 3), starting with the comparison of consecutive
levels (step 4 above). This is actually the way we used to develop the process in
the first applications of MACBETH. From our practical experience, however, we
tended to infer that the diagonally process is less judgementally appealing for the
assessors.

Example (continued)

As each judgement was given, the software automatically verified the matrix’s
consistency. No inconsistency was detected in this particular case. Should any
consistency occur, the software would Iimmediately suggest judgement
modification(s) (see section 2.4.3) and the detected inconsistency would be fixed by J
before moving forward.

From the consistent matrix of judgments in Figure 17, the M-MACBETH software
created the precardinal scale (see section 2.4.4) that was then discussed. J
considered that it adequately represented the relative magnitude of the judgements,
that is, the scale could be considered as an interval scale. As described in section
2.4.5, this could have required the adjustment of numerical scores by J. The interval
scale defined on {“5”, “6”, “7”, “8”, “9”, “10”, “11°} has been extended by the software
to the full range of the continuous descriptor of speed by linear interpolation, giving
rise to the piecewise linear value-function vz whose graph is represented in Figure
18. So, for example, we would have:

v3(8.5) = v3(8) + 8;95 _88 . (v3(9) — v3(8)) = 70.5.

Note that the value function is anchored in the good and neutral speeds, to which the
scores of 100 and O were arbitrarily assigned, that is v3(10) = 100 and v3(6) =0,
thereby giving any other score a substantive meaning as a numerical representation
of the relative attractiveness of the respective speed level. Thus, for instance, given
that the estimated black speed printing of Espon is 8.5 pages/min, its value of 70.5
can be interpreted by J as meaning that the added benefit, with reference to a neutral
speed, of purchasing Espon is 70.5% of the added benefit that J would obtain if
Espon had a good printing speed, all other things being equal. Moreover, fixing the
value of neutral equal to O, implies that a positive score directly indicates a (locally)
attractive printer, and a negative score directly indicates an unattractive printer;
similarly, fixing the value of good equal to 100, a score greater or equal to 100
indicates a very attractive printer.
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Figure 18. Piecewise linear value function of black printing speed (vs).

A similar process was then followed to create a value scale for each of the two
qualitative criteria, “Black printing quality” and “Colour printing quality (see Figure 19).

=l0lx] S [=IES

Black 140 145
Black2 100 100
Blacks3 50

65

45
Black4 40

0
Blackb 0
Blacks -20 855

Figure 19. Value scales of black and colour printing quality (v, and v,, respectively).
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The local values of each of the printers in the three criteria could then be calculated
from v4, vo and vs. J was presented with this information in the different forms offered
by the M-MACBETH software, either numerically, as the “value table” at the left in
Figure 20, or graphically, as the “value profile” of Sister at the right in the same figure.
J could also observe the differences of local values between any two printers
graphically, as exemplified by the “difference profile” in Figure 21. This visual
representation is very useful for an easy appraisal of the extent to which one option is
more, or less, attractive in each criterion, although it does not yet offer which of them,
if any, is globally more attractive than the other one, and by how much. Indeed, an
overall (or global) comparison of the printers requires one to first acquire inter-criteria
preference information from J.

pT="es],

-0l
Actions Civerall Black | Colour | Speed
PH ?| 80.00 100.00 32.00
Conan ? 140,00 45,00 81.00
Espon ? 0.00 100.00 70.50
Sister ?l -20.00 65,00  1a7.50
Nomark ?| £0.00 65.00 81.00
[ good ] @ 100.00 100,00 140,00
[ neutral ] ? 0.00 0.00 0.00
Scaling constants: ? ? ?

Figure 20. Value table and value profile of “Sister”.

1ol
Fhe, "@|/PH =|-|Conan =]
Black Speed
Colour

55.00

-43.00

-B0.00

Figure 21. Difference profile between “PH” and “Conan”.
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3.3.2. Acquisition of inter-criteria preference information

This stage consists of acquiring preference information from J concerning differences
of attractiveness taken for each criterion. As this stage is difficult, it is important that
the differences of attractiveness chosen for each criterion are clear and well
understood by J. This is why, as announced in section 3.1.2, the set of references
{(Li, Hi) | i e {1, ..., K}} constitutes a particularly solid and well adapted foundation for
that purpose. They allow one to define the (K+1) following reference profiles:

[L] = [Ll, Lz, L3, veny LK_]_, LK]

[PVi] =[Hi, Lo, L3, ..., Lk-1, Lk]

[PV2] = [Ll, Hz, L3, veny LK_1, LK]

[PVk] =[L1, Lo, Ls, ..., Lk-1, Hk].

Let us observe that the difference in (overall) attractiveness between [PVj] and [L], i €
{1, ..., K}, corresponds to the added value of the “swing” from L; to H; and that the
comparison of the relative attractiveness of the profiles [PVj] and [PV]], i# € {1, ...,
K}, corresponds to the comparison of the added values of the “swings” from L; to H;
and from L; to H;.

In terms of these reference profiles, it is possible to correctly state the aim of the
stage of “acquisition of inter-criteria preference information”: obtaining cardinal
information regarding the (overall) attractiveness of [L], [PV1], [PV2], ..., [PVk]. We will
hereafter write vo a numerical scale defined on Xy ={[L], [PVi], [PV2], ..., [PVK]} that
satisfies the cardinal measurement rules CM1, CM2 and CM3: vp is then an interval
scale which “measures” the overall attractiveness of the reference profiles.

Example (continued)

As both neutral and good levels had been previously determined (see Figures 8 to
10), the first question asked to J was phrased as follows: “Imagine an option exists
that is neutral in every criterion; how much would a swing from neutral to good black
printing quality increase its overall attractiveness?” Once again J was invited to
respond with a MACBETH qualitative judgement. J answer was: that increase is very
strong. A similar question was subsequently asked for each of the other two criteria,
thus completing the last column of the ‘judgement weighting matrix” (Figure 22).

Comment:
Let us point out that these MACBETH judgements of J allowed to rank the reference
profiles

[neutral] = [neutraly, neutral,, neutrals],

[Black] = [good;, neutral,, neutrals],

[Colour] = [neutral;, good,, neutrals],

[Speed] = [neutral;, neutral,, goods],
by order of decreasing overall attractiveness: [Black], followed by [Colour], followed
by [Speed] and finally [neutral]. As announced in section 2.4.1, this is an example of
another possible interaction mode than the classical one presented in section 2.4.

Example (continued

The next step was to elicit qualitative judgments from J regarding the difference of
attractiveness between swings. It began with the comparison of the most attractive
swing to the second most attractive swing, by asking: “How much more attractive is a
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swing from neutral to good black printing quality than a swing from neutral to good
black printing colour?” A similar comparison was subsequently made between [Black]
and [Speed] and between [Colour] and [Speed], thus completing the MACBETH
matrix of judgements (see Figure 22). As before, consistency checks were
automatically made each time a judgement was entered into the matrix. Using the
procedure described in section 2, we finally obtained, after the adjustment by J of the
MACBETH scale initially proposed by the software, the following scale:
Vo([Black]) =60

vo([Colour]) =25
Vo([Speed]) =15
vo([neutral]) = 0.
M. Overall M= E3

[ Black] [Colour] | [Speed] | [neutral]

Black ] strong strong v, strong

[
[ Colour] - veryweak | moderate
[
[

Consistent judgements

Figure 22. J's matrix of judgements concerning overall attractiveness of reference profiles.
3.3.3. Construction of an overall attractiveness scale

From the scales vy, vi, Vo, ..., Vk, we build an overall attractiveness scale Att:
&S Vo (PViD) = Vo (L) _

V X = (X1, X2, ..., Xk) € X1 x X2 x ... x Xk, Att(x) = 2 Ty H) (L) V(X)) .
We recognise, in this formula, the additive aggregation model
i p,.vi(x) inwhich p, = VO\EF: i)])__VY(‘)L(_[)L ])
— (H, (L
It's easy to prove that Att is an interval scale when the scales vy, Vi, Va, ..., Vk are

interval scales.

Comments:
v A better notation for Att would be
Att(vo,v1 ..... Vi)
because it emphasises that the overall attractiveness scale Att depends on the
scales vg, Vi, ..., Vk; this is particularly important if one intents to meaningfully
compare Att(x) and Att(y), where X, y € X1 x Xz x ... x Xk.
v If
Vo([lL]) =0and, Vie {1, 2, ..., K}, vi(Lj) =0
then
Att([PVi]) = vo([P Vi),
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which shows that the overall attractiveness scale Att build on X1 x Xo x ... x Xk
extends the overall attractiveness scale vy obtained on the subset X, of X1 x X;
x ... x Xk from the cardinal preference information given by J.

v" When, moreover, as it is common in practice,

Vie {1,2, ..., K} vi(H) = 100 and ivo([PVi]) ~100

then -
K

Att(x) = ) —Vog[(':c\)/i])

i=1

PVi]) . . o .
and % is called “weight” of criterion PV;; these weights are represented

Vi(X;)

in the M-MACBETH software in the form of a “histogram” (see Figure 23).

-lolx]
B0
25
15
Colour
Black Speed

Figure 23. Histogram of weights.
Hereafter, we will write “Att(a)” instead of “Att(n(a))”, for all a € A (the set of actions).

Example (continued)

Figure 24 shows in the overall column the overall attractiveness of the printers and of
the profiles [good] and [neutral] (ranked by order of decreasing attractiveness). In the
last three columns, the scales vy, v, and vs are presented. The respective weights of
the criteria appear in the last line.

M, Actions scores |_ (O] x|

Actions Derall Black | Colour | Speed
Conan 107.40 | 140.00 | 45.00 | §1.00
[ good ] 100.00 | 100.00 | 100.00 | 100,00
PH 77.80 | 50.00 100.00 | 3Z.00
Momark. 76.40 | 50.00 £5.00  51.00
Espon 35.58 0.00 | 100.00 | 70.50
Sister 20.38 | -20.00  g5.00 | 107.50

[ neutral ] 0.00 0.00 0.00 Q.00

ocaling constants: 0.60 0.2k 015

Figure 24. Value table.
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3.4. Sensitivity analysis

The M-MACBETH software allows numerous sensitivity analyses to be performed.
We will not describe all of them here but instead report that every change of a value,
“textual” (keyboard) or “graphical” (mouse), is instantaneously reflected upon all other
dependent values (and graphics).

Example (continued)

If we increase the weight of Speed or if we decrease the score of Black3 on “Black
printing quality (for instance, by dragging the mouse), we can immediately see that
the global score of Nomark decreases (see Figure 25).

M. overall thermometer

I: Conan | 107.40
[good] (10000

Black: 100

Momark | 76.40 C Black3 a0
[ ] [ |
—> ! <{Z= I

W

Al

s
]
25 -

15

Colour 1 45.58 : Blackd A0

Black Speed
$—| Sister | 20.38

T_ 0.00

Blacks 0

Figure 25. Example of sensitivity analysis.

A window in the software is dedicated to the performance of sensitivity analysis on
weight: it permits the transformation of the global scores of the potential actions to be
observed in case the weight of a chosen criterion PV; is changed.

Example (continued)
Figure 26 shows, among other things, that:
v’ the current weight (on horizontal axis) of Colour is 25.00;
v' when the weight of Colour increases, the global score (on vertical axis) of PH
increases and the global score of Nomark decreases;
v’ the global score of Nomark would be greater than the global score of PH (and
greater than 76.9) if the weight of Colour was lower than 21.9.
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Figure 26. Example of sensitivity analysis on the weight of “Colour”
3.5. Robustness analysis

Let a and b be any two potential actions. One says that:
a is globally more attractive than b considering some preference information

(ordinal, precardinal or cardinal) when the statement
Aty vy vy (@) > Aty

is true for all the numerical scales vy, vi,...,Vk Which are, taking into account the
conditions CM1, CM2, CM3 and C3, admissible representations of the selected
preference information (conditions CM1 and CM2 in the case of ordinal
information, conditions CM1, CM2 and C3 in the case of precardinal information,
conditions CM1, CM2 and CM3 in the case of cardinal information).

A table of global comparisons of the actions is integrated in the M-MACBETH
software. It displays all couples (a,b) such as “a dominates b” (a triangle on line a and
column b) or “a is globally more attractive than b considering the selected preference
information ” (a cross on line a and column b). Supposing that Att(a) > Att(b) with
cardinal information, the table of global comparisons allows one to answer questions
such as: “if we take into account only ordinal or precardinal information on some
criteria and/or for the comparison of reference profiles, could we always maintain that
a is globally more attractive than b?”
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Example (continued)
In the table of global comparisons of the Figure 27, it can be seen that, when the

selected preference information is the precardinal (MACBETH) information for the
three criteria (local information) and the ordinal information for the comparison of
reference profiles (global information), then Conan is no longer globally more
attractive than all other printers. However, if we take into account precardinal
(MACBETH) information not only for the local information but also for the global
information (see Figure 28), it is enough for Conan to be globally more attractive than
PH, Espon, Sister and Nomark.

M, Global comparisons M=l E3
e PH | Conan | Ezpon | Sigter | M armark | [ good ] |[neutral]
PH = ? ? ? Y
Conan ? = + + + ? ‘
E zpon = ? ‘
Sizter ? ? = ? ?
Marmark. ? + ? = ‘
[good] | ? A + 4L = A
[ neutral | ? =
Loczal infarmation [alobal information
ordinal tacheth |constraintz| cardinal ordinal tacheth |constraintz| cardinal
Black | v I | v - IO |
Colaur v v | /205
Speed| I 0 m F +T | Diffl

Figure 27. First example of table of global comparisons.

™. Global comparizons M=
HH PH | Conan | E zpaon | Sizter | M aornark | [ good ] |[neutral]
FH = ?
= — A
Crerd + = + + + >S? A
T ———
Ezpon — ! ‘
Sigter ? = ?
Marnark ? + + = ‘
(good] | A 2 A + A = A
[ neutral | ? =
Local infarmation Global information
ordinal | Macheth |constraintz | cardinal ordinal | acheth\corstaints | cardinal
Black| vV Cl Tz LM [} T |Cszs
Colowr| © v m m N—
Speed| v M Flozs +T | Diﬁl

Figure 28. Second example of table of global comparisons

It is also possible, with the table of global comparisons, to see the effect of taking into
account uncertainty on the actions’ impacts.
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Example (continued)

If J decides to take into account the uncertainty specified for the impact of Conan on
the criterion “Black printing quality” (“‘Black”) (see the “Impacts precision” window at
the right end corner of Figure 29), the table of global comparisons of Figure 29 shows
that Conan would no longer be globally more attractive than PH and Nomark.

4 PH | Conan | E zpon | Sigter | Maomark. | [ good ] | [ neutral ]
PH = ? 3= 3= ? F Y
Conan ? — -I- + ? ? ‘
Ezpon = ? ‘
Sister ? = ?
Mamark, ? ? -I- + — ‘
(good] | &4 2 A + A = A
[ neutral | ? =
Local information lobal information
ordinal | Macheth |constraints| cardinal ordinal | Macheth |congtraints | cardinal
Black | ™ 7 m m v W u Em
Colaur 3 v r ™ 0% 3 M. Impacts precision
Speed o o L [ 0% Take PRECISE impactz on :
Black

Figure 29. Taking into account the uncertainty on the impacts on criterion “Black”
and third example of table of global comparisons.

Figure 30 shows that, when taking into account the uncertainty, Conan is globally
more attractive than all other printers if we select the cardinal information on the three
criteria (keeping a precardinal (MACBETH) global information).

™. Global comparizons [ _ O] =]
= PH | Cohan | E zpan | Sizter | M arnark. | [ gond ] |[neutral]
PH = 3= 3= ? rF Y
Conan + — + + + ? ‘
Ezpor = + ‘
Sister = ?
Mamark. ? + + — ‘
[good] | A& ? Y = Y = Y
[ neutral | ? =
Local infarmation Global infarmation
ordinal | Macheth |constraints| cardinal ordinal | Macheth |constraintz| cardinal

Black v V | T e v 7 I | =

e

Colaur [ v ¥ vV 0% & M, Impacts precizion
e
-

v v v v 03 .
Speed v ¥ V| Jlv:0 Take FRECISE impacts on :
[~ Black

Figure 30. Fourth example of table of global comparisons.
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Let us recall that “take into account the cardinal information, for instance, on Speed”
means that:

v,(11)=115
9) = 81
, v,4(10) =100 Vs(9)
if , then < v3(8)=60
v5(6)=0
v,(7) =32
v,(5)=—33

But, is it really necessary to select “all” of the cardinal information on Speed criterion
for Conan to be globally more attractive than all other printers? The answer is no, as
can be seen in the Figure 31.

™. Global comparizons [ _ O] =]
= PH | Cohan | E zpan | Sizter | M arnark. | [ gond ] | [ meutral ]
PH =  a = ? &
Conan + — + + + ? ‘
Ezpor = + ‘
Sister = ?
Mamark. ? + + — ‘
[gond] | A& ? A  a A = A
[ neutral | ? =
Local infarmation Global infarmation
ordinal | Macheth |constraints| cardinal ordinal | Macheth |constraintz| cardinal
Black | v | Pl v v I | I
Calour v I a0z 5
Speed o i i \v' t7% v Take PRECISE impacts on ;
~ [ Black

Figure 31. Fifth example of table of global comparisons.

What does this “+7%” mean? Simply that:

108=115-7 <v,(11)<115+7 =122
74=81-7< v,(9) <81+7 =288

then 53=60-7<v,(8) <60+7 =67
25=32-7< v,(7) <32+7=239

—40=-33-7<v,(5)<-33+7=-26

v4(10) =100
{V3(6)=0 ’

This information is clearly less rich than “strict” cardinal information, which can help J
to be convinced of the validity of his final decision.
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3.6. Diagram of the MACBETH approach

We can now summarise the MACBETH approach with the diagram of Figure 32.

Structuring phase

For all the criteria and reference profiles

4

Acquisition of preference information |«

no Suggestions

Consistency ?

Precardinal scale

Discussion with the help
of M-MACBETH

\ 4
Cardinal scale

v
Global attractiveness scale <
| Sensitivity
* analvsis
Global comparisons table <
Robustness
analvsis

no

Is J convinced ?

END: The model is reauisite

Figure 32. Summary of the MACBETH decision aid process.
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4. Brief historical survey of the MACBETH research

The initial research that gave rise to the MACBETH approach was conducted by C.A.
Bana e Costa and J.-C. Vansnick, in the early 1990's [7, 32, 37], as a response to the
guestion: how to build an interval scale of preferences on a set of options without
forcing evaluators to produce direct numerical representations of their preferences?
They conceived the MACBETH pairwise questioning procedure that compares two
options at a time requesting only a qualitative judgment about the difference of
attractiveness between options. The six semantic categories “very weak”, “weak”,
“moderate”, “strong”, “very strong” or “extreme” should be represented by non-
overlapping (disjoint) intervals of real numbers whose limits should be determined
together with numerical value scores for the options. Of course, for each particular
set of judgements, one should start by previously testing the existence of such
intervals. Research was then conducted to find a mathematical programming answer
to that problem [7, chapter 1V], which gave rise to the formulation of a chain of four
linear programs [34, 35, 36, 37] conceived to be used in practice as illustrated in
Figure 33. Programs MC1 to MC4, implemented in GAMS, were used in the first real-
world applications of MACBETH as a decision support tool to derive value scores and
weights in the framework of an additive aggregation model [30, 42, 43].

INTERACTION
FACILITATOR / EVALUATOR

INTERACTION
FACILITATOR / MACBETH

PROGRAM MC1
ELABORATION / MODIFICATION

G.n - INDICATOR OF INCONSISTENCY |
Y Y

Cmm = O Cmm > O

OF ABSOLUTE JUDGEMENTS

OF DIFFERENCE
OF ATTRACTIVENESS

CONSISTENCY

INCONSISTENCY

=

PROGRAM
MC2
'
SUGGESTS
A NUMERICAL
SCALE

PROGRAMS
MC3 & MC4
'

REVEAL
SOURCES OF
INCONSISTENCY

DISCUSSION
ABOUT THE

SOURCES OF
INCONSISTENCY

DISCUSSION
ABOUT THE
CARDINALITY
OF THE SCALE

-— FINAL
SCALE

Figure 33. Initial conception of the “interactive Scheme of MACBETH”
(adapted from [34]).

Theoretical research conducted meanwhile, and first presented in 1994 at the Xlith
International Conference on MCDM [31], demonstrated the equivalence of the
approach by thresholds and the approach by measurement conditions.

In 1997, the first version of the MACBETH software was developed by J.-M. De
Corte, following essentially the diagram shown in Figure 33, although the objective
functions used in MC1 and MC2 programs were modified on the basis of a simple
principle [27, 28], that makes possible the determination “by hand” of the basic
MACBETH scale in simple cases [33]. The simplest hand procedure, applicable to full
matrices of judgements in which no hesitation exists, consists of:
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1) to assign to each ordered pair of elements (X,y), corresponding to a cell of the
diagonal border of the upper triangular portion of the matrix of judgements, a
number n(x,y) as follows:

n(x,y) =0 if there is no difference of attractiveness between x and y

n(x,y) =1 if the difference of attractiveness between x and y is “very weak”
n(x,y) = 2 if the difference of attractiveness between x and y is “weak”
n(x,y) =3 if the difference of attractiveness between x and y is “moderate”
n(x,y) =4 if the difference of attractiveness between x and y is “strong”
n(x,y) =5 if the difference of attractiveness between x and y is “very strong”
n(x,y) = 6 if the difference of attractiveness between x and y is “extreme”;

2) to assign to each other ordered pair (z,w), with z more attractive than w, a
number n(z,w) as follows:

n(z,w) = n(z,x1) + N(Xy,X2)+ ... + N(Xk-1,Xk) + N(Xx,W)

where (z,X1), (X1,X2), ... , (X1,Xk) and (xx,w) are ordered pairs of elements
corresponding to the diagonal border of the upper triangular portion of a matrix of
judgements.

If these numbers verify:

Condition &: For all elements x, y, z, w with X more attractive than y and z more
attractive than w, if the difference of attractiveness between x and y is
greater than the difference of attractiveness between z and w, then

n(x,y) 2 n(z,w) + 1 + 8(x,y,z,w)
where §(x,y,z,w) is the minimal number of categories of difference of
attractiveness between the difference of attractiveness between x and
y and the difference of attractiveness between z and w,
then, the basic MACBETH scale v is given by the rule:
v’ for each less attractive element x” : v(x') =0
v’ for each element x more attractive than x™: v(x) = v(X") + n(X,X") = n(X,x").

For example, in the case of the matrix of judgements in Figure 22, one has:

1) n([Black],[Colour]) = 4, n([Colour],[Speed])= 1 and n([Speed],[neutral]) = 2

2) n([Black],[Speed]) = n([Black],[Colour]) + n([Colour],[Speed]) = 4+1 =5
n([Black],[neutral]) = n([Black],[Colour]) + n([Colour],[Speed]) + n([Speed],[neutral])

=4+1+2 =7

n(Colour],[neutral]) = n([Colour],[Speed]) + n([Speed],[neutral]) =1 + 2 = 3;

as Condition ¢ is satisfied, the basic MACBETH scale is:
v([neutral]) =0
V([Speed]) = n([Speed],[neutral]) = 2
v([Colour]) = n([Colour],[neutral]) = 3
v(Black]) = n([Black],[neutral]) = 7.

When Condition & is not verified, the procedure for obtaining the basic MACBETH
scale is more complex [33].

Enabling interactivity was the key concern behind the development of the first
MACBETH software: it allowed judgements to be encoded in a user-friendly way
(something absent in the initial GAMS implementation) and offered a graphical
representation of the MACBETH value scale, which allowed the direct adjustment (by
way of the mouse) of the value score of an option within an interval of variation
respecting measurement conditions related to the matrix of judgements. Moreover, in
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the insurgence of an inconsistency, this first software informed the user, in a visual
way, of the possible changes that would make the matrix of judgements consistent,
thereby greatly facilitating interactivity in judgmental revision. Based upon
measurement conditions, we, at the time, made the distinction between (several
cases of) “semantic inconsistency” and “incoherence”, although we did not have
complete procedures to address and manage all cases. This is why a compromise
scale was still available in case of an inconsistency.

Even if successfully used in practice [2, 3, 16, 19, 20, 22, 28, 29, 30, 35, 38, 45 to 49,
51, 55], this first MACBETH software imposed several limitations to the practical
development of an efficient, interactive and learning model-building process. Indeed:

1) The determination of suggestions was still heuristic and did not guarantee the
minimal number of changes necessary to achieve consistency;

2) it was not possible for the evaluator to hesitate between several semantic
categories when expressing judgements. It, therefore, did not enable one to
facilitate the management of group judgemental disagreements;

3) it forced the evaluator to first give all judgements before running any
procedure and, consequently, judgemental inconsistency could only be
detected for a full matrix of judgements. Therefore, suggestions of changes to
bypass inconsistency could only then be discussed.

In 1999, the drawbacks of the first MACBETH software led us to make the decision to
abandon it and to develop a totally new software, now indeed a decision support
system, M-MACBETH (see http://www.m-macbeth.com): the first “M” of the name
emphasises its ability to deal with multicriteria problems. Successively ameliorated,
M-MACBETH could take advantage of the results of the theoretical research
conducted since 2000, namely those reported in [44] and [50], allowing inconsistency
to be treated in a solid mathematical way. This was the turning point in the path to
find a more interactive formulation. First, working with incomplete matrices, we found
that it was in practice meaningless to distinguish between incoherence and
inconsistency. Then, leaving this distinction in two cases, we implemented the
automatic detection of “inconsistency”, even for incomplete matrices. The objective of
abandoning the suggestion of a compromise scale could finally be achieved for the
origin of inconsistency could now be easily found (detection of elementary
incompatible systems) and explained to the evaluator. We can guarantee that the M-
MACBETH software finds the minimal number of changes to be made and that we
have all of the possibilities for any number of changes not greater than five. We can
also give suggestions of multiple category changes, where a “k categories change” is
considered to be equivalent to k “1 category changes”.

In what concerns the structuring phase of the decision aid process, M-MACBETH
offers tools to easily build a value tree and descriptors, to define an impact table (see
section 3.1.4), to show value profiles of actions (see section 3.3.1), etc.

We also began to work around the concept of “robustness” at that time, and the first
“global comparisons table” appeared in 2000 (see section 3.5). In parallel, the
extensive use of M-MACBETH in decision-conferencing consulting work (see section
5 and many other applications, for example [1, 11, 25, 26, 40]), led to the addition, in
2001, of several useful tools regarding sensitivity analyses (see section 3.4 and [12]).
Moreover, in 2002, we added the possibility of defining additional constraints and the
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option of moving away, to a certain extent, from strict numerical (cardinal)
representations (see section 3.5).

In 2003, the possibility of
v' dealing with imprecision (uncertainty) about impacts of options (see sections
3.1.4 and 3.5) either for qualitative or quantitative descriptors
v’ incorporating at any time reference levels for a criterion
v’ graphically representing comparisons of potential actions on any two groups of
criteria
was added to the M-MACBETH software.

Also in 2003, a version of the MACBETH software limited to scoring and weighting
has been embedded in the HIVIEW3 software package [41].

5. Some consulting projects using MACBETH

e Evaluation of bids in international public calls for tenders and contractors’ choice
[4, 6, 8,9, 10, 13, 15, 53].

e Evaluation of measures of European structural programs [28, 30, 42, 43].

e Resource allocation to the construction of new inter-municipal roads in the Region
of Lisbon [5].

e Design of a new railway link to the Port of Lisbon [20, 21, 30].

e Assigning priorities for maintenance, repair and refurbishment in managing the
Lisbon’s housing stock [22, 23, 24].

e Design of a total quality system for the Lisbon Gas Company [14].

e Decision support systems for the evaluation of Lisbon Gas Company’s service
and material suppliers [51].

e Prioritisation of the municipalities of the State of Ceara, Brazil, in terms of dryness
effects [54].

e Development of the Strategic Town Plan of Barcelos [17, 18].

e Evaluation of the competitive capacity of small and medium sized textile firms in
the State of Santa Catarina, Brazil [16].

e Evaluation of alternative strategies to attach foreigner investment to the Brazilian

micro-electronic sector.

Development of a Vision for Puerto Rico 2025.

Evaluation of military strategies.

Analysis of the operational performance of electricity distributors in Brazil.

Performance evaluation of managers of the Portuguese Railway Company and

directors of the Portuguese Gas Company.

Evaluation of alternative sites for the new International Airport of Lisbon.

Analysis of a new railway link through the Central Pyrenean.

Establishing priorities for intervention in repairing Portuguese monuments.

Policy analysis and resource allocation in Porto Development Plan 1998-2001.
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